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The separation of two different sized particles during evaporation of a dilute droplet is examined both computationally
and experimentally. A transport model of the evaporating droplet system was solved using the finite element method to
determine the fluid velocity, pressure, vapor concentration surrounding the droplet, temperature, and both particle con-
centrations. Experimentally, 1 lm and 3 lm polystyrene particles were used during the evaporation of a sessile water
droplet. It was determined that to accurately model particle deposition, thermal effects need to be considered. The Mar-
angoni currents in evaporating droplets keep particles suspended in the droplet until the end of the evaporation. Previ-
ous models of particle deposition during droplet evaporation have rapid accumulation of particles at the contact line.
Our experiments and the experiments of others demonstrate that this is not accurate physically. In addition, to model
the separation of two different sized particles the consideration of thermal effects is essential. VC 2015 American Institute

of Chemical Engineers AIChE J, 61: 3547–3556, 2015

Keywords: evaporation, particle technology, fluid mechanics, transport

Introduction

Particle deposition from droplet evaporation has been stud-

ied extensively in the past few decades.1–4 When there are par-

ticles in the drying droplet (such as when coffee drys on a

counter-top), the drying process has a pinned contact line for

the majority of evaporation. This was shown by Pariss and

Allain in 1996 by comparing two models (one for pinned con-

tact line and one for constant contact angle) to experimental

results.5 Only at the end, when the contact angle becomes very

small, does the contact line detach and recede inward. The

radial flow necessary to replenish fluid at the contact line

causes the coffee ring effect. Particles within the fluid are

pushed radially outward with the flow and gather at the contact

line.
Computationally, it has been shown that the deposition pro-

file depends on both mass transfer of particles in the bulk fluid

(dimensionless P�eclet number, Pe5lcv=Dp where lc is the

characteristic length, vc is the characteristic velocity, and Dp is

the particle diffusivity) and on the deposition rate of particles

on the substrate (dimensionless Damk€ohler number, Da5kdlc=
Dp where kd is the particle deposition rate constant onto the

substrate).6

In 2005, Yuri Popov examined droplet evaporation with

particles both analytically and numerically.7 With an assump-

tion of a thin droplet, low Reynolds number, and dilute parti-

cle concentration, Popov showed that particle accumulation at

the contact line is constrained geometrically. Small droplet

contact angles impede particle rings from accumulating in the

z-direction (height) and force the ring to grow radially inward
(thicker).

Recently, the effects of Marangoni currents on droplet evap-
oration has been studied quite a bit.4,8 Marangoni flow causes
circular currents in the evaporating droplet. The evaporative
cooling that happens on the droplet surface leads to a tempera-
ture gradient on the liquid–gas interface. Consequentially, the
surface tension is affected by this temperature gradient (higher
temperatures lead to lower surface tension). Fluid will flow
from an area of low surface tension to an area of high surface
tension. As the drop evaporates, the surface is cooled causing
a temperature gradient.

The Marangoni currents in an evaporating drop have been
observed experimentally using coherence tomography and
out-of-focus microscopy.9–11 An evaporating droplet without
particles was modeled by Girard et al. in 2006 using the finite
element method to show the Marangoni currents during evapo-
ration computationally.12 Girard et al. later determined (2008)
that the total drop evaporation rate is not significantly affected
by Marangoni flow currents for a droplet on a heated sub-
strate.8 Around the same time, Hu and Larson used two
approaches to study Maragoni currents in an evaporating drop-
let. The first approach was using the lubrication theory approx-
imation to analytically examine the evaporation of a sessile
droplet with Marangoni effects and second approach was
using the finite element method to computationally analyze
the problem. Their two solutions were in good agreement with
each other and both showed circulation eddies driven by the
surface tension gradient.4 More recently, Bhardwaj et al mod-
eled a nanoliter sized droplet with particles and Marangoni
effects. Bhadarwaj showed that the conductivity of the solid
substrate compared to the conductivity of the liquid deter-
mines the direction that the Marangoni eddy flows.13 This
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effect was also examined theoretically by Ristenpart et al.14

and with experiments and a mathematical model by Dunn
et al.15

There has been speculation as to whether a nonheated, water
droplet without surfactants has Marangoni currents in the

droplet. To examine this question, Xu and Luo used fluores-

cent nanoparticles to analyze an evaporating water droplet
with a radius of 2 mm on a glass substrate.16 Their research

showed that the nanoparticles travel to the edge of the droplet
and then travel back toward the center. This particle pattern

indicates that circulating Marangoni currents are present in an
evaporating water droplet. In addition, our experimental obser-

vations of particles in evaporating droplets from this research

show circulating Marangoni currents in unheated evaporating
water droplets.

Separately, research was conducted to explore the phenom-

ena particle manipulation during deposition via droplet evapo-
ration. The deposition of particles in interesting patterns has

been observed for quite some time. In 1992, Denkov et al. cre-
ated ordered monolayers of polystyrene particles using an

evaporating drop inside a Teflon ring.17,18 The aqueous drop

was 20 lL, larger than most drops in more recent investiga-
tions. The particles deposited were 1.7 lm diameter polysty-

rene particles with an initial concentration of 1 wt %. Denkov
et al. determined that the particle ordering occurred when the

water layer was thinner than the particle size. Additionally,
the droplet evaporation rate and the droplet shape significantly

contributed to the final pattern of particles.
In 1995, Adachi et al. observed striped patterns at the edge

of an evaporating droplet using 144 nm polystyrene particles
in water and a borosilicate glass substrate.19 Adachi et al.

found that the stripe pattern is highly dependent on the particle
volume fraction in the droplet. It was also determined that as

the drop evaporates, its contact line oscillates, which could
contribute to the striped particle pattern.

Following Adachi et al.’s work, Shmuylovich et al. experi-
mentally observed a stick-slip behavior at the contact line of

an evaporating droplet.20 Using 0.88 lm latex particles in a
water solution, Shmuylovich et al. deposited drops between

1 mm and 15 mm diameter on a glass substrate. It was
observed that at the edge of the droplet, particles accumulate

and then the contact line moves slightly inward slipping and

then it stays at that new position to allow more particles to
accumulate sticking. In this fashion, concentric rings are made

during the droplet evaporation process.
The previously discussed work examined only a single parti-

cle size, however, some studies examine multiple sized par-

ticles. In 2009, Erb et al. showed that using an electric field,
particles of multiple sizes can be manipulated into self-

assembled shapes. In this study, 1 lm nonmagnetic particles

and 2.7 lm paramagnetic particles were dispersed in a ferro-
magnetic fluid. A constant electric field was applied and a phase

diagram depicting different particle assemblies was generated.
In the phase diagram, random distribution, poles (small particles

aggregated on each side of a large particle), and rings (small
particles surrounding a large particle) are plotted as a function

of the ferrofluid concentration and the electric field strength.21

Han et al. also showed that particles of different sizes can

be manipulated into different patterns. In this study, instead of
an electric field, a confined geometry using a cylindrical lens

and heated silicon substrate (T 5 808C) were used. Polystyrene
particles of 50 nm and 500 nm self-assembled into lines of

each size using this setup.22

Dip coating has also been used to create highly ordered
nanopatterns. Huang et al. used dip coating to self assemble
100 nm gold nanoparticles and 50 nm silver nanoparticles on
to a Si/SiO2 substrate. The resulting substrates had highly
ordered, dense line patterns made from the nanoparticles.23

In the past few years, some experimental studies were pub-
lished on using droplet evaporation to naturally separate par-
ticles. During the evaporation process, particles of different
sizes were separated into different rings. The smaller particle
size accumulated on the outer ring and the larger particle size
accumulated on the inner ring. In 2007, Jung et al. separated 1
lm and 6 lm polystyrene particles using a nonuniform electric
field to induce dielectrophoresis in the droplet.24 A follow up
study by Jung et al. in 2009 used particle velocimetry to track
particle movement during the separation of 5 lm and 0.5 lm
polystyrene particles.25 Following their work, in 2011 Wong
et al. showed the separation of three different sized particles:
40 nm, 1 lm and 2 lm.26 Wong et al. related the separation
distance to the difference in particle size and determined a
maximum particle concentration for which this separation phe-
nomenon is observed.

The work presented here explores the contribution of Mar-
angoni currents on the particle separation process that natu-
rally occurs during droplet evaporation. Particle separation on
a small-scale, such as in droplet evaporation, affects technol-
ogy such as bioassays and lab-on-a-chip devices. It has poten-
tial in virus detection and separation abilities and is thus a
worthy problem to study.

Methods

Inside the droplet, the transport model solves for the radial
velocity u, the axial velocity v, the pressure p, the temperature
T, and two particle concentrations cp1 and cp2. Equations 1 and
2 solve for the fluid profiles (u, v, and p)

ReCa
@v

@t
1ReCav � rv5Car � T (1)

T52p 1½rv1ðrvÞT �
@q
@t

1r � ðqvÞ50 (2)

where the Reynolds number is Re5qvclc=l, the Capillary
number is Ca5lvc=c, and v is the velocity vector with both a
radial component u and an axial component v. Within each
dimensionless number l is the viscosity, q is the density, vc is
the characteristic velocity as defined in Table 1.

The temperature inside the droplet (T) is governed by Eq. 3

P̂e
@T

@t
1v � rT

� �
5r2T (3)

where the P�eclet number is P̂e5vclc=a and the thermal diffu-
sivity a5k=qĈp with k as the thermal conductivity and Ĉp as
the specific heat capacity. Finally, the particle concentrations
cp1 and cp2 inside the droplet are governed by Eqs. 4 and 5,
respectively. The simulation of two particle sizes in an evapo-
rating droplet is a novel addition to this problem, previous
computational studies only examined one particle size.13,32,33

An assumption in this model is that the particles are very
dilute and do not interact with each other

Pe1

@cp1

@t
1v � rcp1

� �
5r2cp1 (4)
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Pe2

@cp2

@t
1v � rcp2

� �
5r2cp2 (5)

where the P�eclet number is Pe5vclc=Dp, Dp is the particle dif-

fusivity, cp1 is the first particle concentration and cp2 is the
second particle concentration. The specific quantities for these
values are listed in Table 1. The dimensionless numbers will
vary according to particle size as seen in Eqs. 6–8

Pei5
lcvc

Dpi
(6)

Dai5
kilc

Dpi
(7)

Dpi5
kBT

6plai
(8)

In the above equations, Dp is the particle diffusivity, kB is

the Boltzmann constant, T is temperature, k is the particle
adhesion constant to the surface, a is particle radius, and i 5 1,
2 is the particle number. As the particle radius increases, the
P�eclet number and Damk€ohler number increase in a linear

fashion. The P�eclet number represents the ratio of convective
forces to diffusive forces. For a larger particle size the convec-
tive forces will increase, which pushes the larger particles
toward the contact line at a faster rate than the smaller par-

ticles. This is contrary to what is observed experimentally
where the smaller particles gather at the outer edge of the
droplet.

Outside of the droplet, the concentration of vapor in the gas,
c, is modeled using the Laplace equation 9. This model

accounts for simple diffusion of the vapor into the surrounding
air. It assumes that the gas surrounding the droplet is not mov-
ing and that the drop evaporates slowly. Quasi steady-state
@c
@t 50
� �

is assumed because of the slow evaporation and it is

also assumed that the concentration profile in the gas phase is
established very fast

r2c50 (9)

The domain for which the vapor concentration is modeled
extends from the drop surface to a distance of 20R, which is
20 times the radius of the drop in both the r and z direction.

This domain was chosen based on the research of Hu and
Larson.34

Boundary and initial conditions

Liquid–Gas Interface. The liquid–gas interface moves as
the droplet evaporates and its location needs to be determined.
Equation 10 is used to determine the location of the liquid–gas
interface as the drop evaporates

ns � ðv2vsÞ52ns � rc (10)

where ns is the surface normal and vs is the velocity at the sur-
face. Equation 10 (the kinematic boundary condition) balances
the movement of the interface (left-hand side) with the amount
of liquid that is exiting the drop from evaporation (the right-
hand side).

To prevent particles from evaporating with the droplet,
Eq. 11 is used as a boundary condition for each particle
equation

Table 1. Simulation Parameters

Variable Equation/Definition Value Units

lc drop radius 1 3 1023 m
cv saturation concentration13 2:32 3 1022 kg/m3

D Diffusivity of water in air27 26:1 3 1025 m2/s
vc Dcv=qlc 6:0552 3 1026 m/s
k thermal conductivity28 0.58 W/m K
Cp specific heat capacity29 4.181 kJ/kg K
a k=qCp 1:387 3 1027 m2/s
P̂e vclc=a 4:36 3 1022 –
l viscosity30 8:9 3 1024 Pa s
c surface tension varies N/m
q density of fluid varies kg/m3

Ca lvc=c 7:402 3 1028 –
Re qvclc=l 6:8 3 1023 –
Hv latent heat of vaporization31 2260 kJ/kg
kB Boltzmann constant 1:38 3 10223 m2kg/s2 K
Pe vclc=Dp varies –
Da klc=Dp varies –
Dp particle diffusivity varies –

Figure 1. In an isothermal droplet, the particles accu-
mulate rapidly at the contact line.

In the first three image figures the streamlines in the

droplet are shown on the left and the particle concentra-

tion on the right at times 0.01, 0.035, and 0.075. The last

image is a zoomed in picture of time 0.075 to show the

high particle concentration at the contact line. [Color

figure can be viewed in the online issue, which is avail-

able at wileyonlinelibrary.com.]
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ns � rcpi5Peins � cpi v2vsð Þ (11)

Finally, to account for the evaporative cooling that occurs

on the liquid–gas interface, Eq. 12 is used as a boundary con-

dition for the thermal equation.

JHv52kns � rT (12)

where J is the dimensional flux of vapor out of the droplet, Hv

is the latent heat of vaporization, k is the thermal conductivity,

and T is temperature.

Liquid–Solid Interface. At the substrate surface (z 5 0,

r � R) Eq. 13 is applied to the governing equations

u50

v50

T5Ts

2ns � rcp15Da1cp1

2ns � rcp25Da2cp2 (13)

where Ts is the substrate temperature which is constant for the

entire evaporation. This constant substrate temperature bound-

ary condition assumes that the substrate is a good conductor.

Axis of Symmetry Boundary. The final boundary condi-

tion inside the droplet is the axis of symmetry (r 5 0,

0 � z � zmaxðtÞ). At the r 5 0 boundary, Eq. 14 is used as

boundary conditions to keep the drop symmetric.

n � v50

n � T � t50

n � rT50

n � rcp150

n � rcp250 (14)

where t is the tangent to the boundary. Note the distinction

between T the stress tensor used in the momentum equation

and T the temperature used in the thermal equation.

Initial Conditions. The initial conditions are in listed in

Eq. 15

vðr; z; t0Þ50

uðr; z; t0Þ50

pðr; z; t0Þ5
2

Ca

Tðr; z > 0; t0Þ5T1

Tðr; 0; tÞ5Ts

cp1ðr; z; t0Þ51

Figure 2. The contact line of an aqueous 2 lL droplet during evaporation.

The particles accumulate at the contact line primarily at the end of the evaporation. At time 5 4:04 min, most of the particles are

still in solution. Only at the end of the evaporation is the maximum packing concentration of particles reached. [Color figure can

be viewed in the online issue, which is available at wileyonlinelibrary.com.]

Figure 3. One and three micrometer sized particles
aligned into rings during the droplet evapo-
ration.

The droplet was 2 lL and the initial particle concentra-

tion was 0.025 wt % with equal parts of each particle

size. The evaporation occurred on an unheated smooth

silicon substrate in a zero humidity environment.
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cp2ðr; z; t0Þ51 (15)

The initial pressure, p, inside of the drop is obtained from

the Young–Laplace equation for a hemispherical drop, T1 is

the ambient temperature, and t0 is the starting time.

The Vapor Domain. Outside of the drop, the following

boundary conditions are used to solve the Laplace equation

c5cvap51 at the drop interface

c5c1 at r520R

n � rc50 at r50 and z50 (16)

where c15Hcvap and H is the humidity. The initial concentra-

tion of vapor in the gas phase is given by Eq. 17

cðr; z; t0Þ5
12Hffiffiffiffiffiffiffiffiffiffiffiffi
r21z2
p 1H (17)

Parameters and code validation

Table 1 lists the simulation parameters for the work pre-

sented. The simulation variables are calculated for a water

droplet with a 1 mm radius. Although the temperature is

changing, it is assumed that saturation concentration, latent

heat of vaporization, viscosity, and thermal conductivity are

constant.
Validation of the fluid and particle transport models are pre-

sented in the Appendix. The evaporative flux computed by the

code is in excellent agreement with the results of Deegan.2

The mass balance calculations confirmed the accuracy of the

particle transport model.

Experimental methods

To compliment the computational transport model,

experiments were performed with aqueous 1 lm and 3 lm

Figure 4. The build up of particles at the edge of an evaporating droplet for both 1 lm sized particles (left) and
3 lm sized particles (right) after the evaporation is only 4% completed.

The larger particles build up much faster than the smaller particles at the edge, which does not match with experimental results.

With the rapid buildup of large particles early on in the evaporation, smaller particles are unable to travel around the larger par-

ticles to form the outer ring that is seen in experiments. [Color figure can be viewed in the online issue, which is available at

wileyonlinelibrary.com.]

Figure 5. Nonisothermal simulation showing Marangoni currents in the evaporating droplet.

The substrate temperature is unheated (fixed to 25:18C), the humidity is zero, the Capillary number is Ca58:431027, the Reynolds

number is Re56:831023, and the thermal P�eclet number P̂e54:3631022. The evaporative cooling causes the cooling temperature

dip seen in the center of the drop. Note that the temperature shown ( ~T ) is a dimensional temperature in 8C. [Color figure can be

viewed in the online issue, which is available at wileyonlinelibrary.com.]
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polystyrene particles which were generously provided by
PolySciences Inc. The particle solutions were diluted to the
desired droplet concentration using millipore water. The
evaporation substrate was silicon and evaporations took

place on a vibration minimizing table and in a humidity
controlled box which also minimized air currents (necessary
for the quasi-steady state assumption used to model the
vapor concentration).

Figure 6. This image shows the build up of 3 lm sized particles at the contact line of an evaporating droplet.

On the left thermal variation is considered and the streamlines circulate due to Marangoni currents. On the right the droplet is

isothermal and the particles rapidly build up on the contact line. The isothermal model does not match experimental results, but

the model that considers thermal variation does match experimental results. [Color figure can be viewed in the online issue, which

is available at wileyonlinelibrary.com.]

Figure 7. Images from a video of particles depositing on the contact line of an aqueous evaporating droplet.

The original droplet volume was 2 lL and the original particle concentration was 0.025 wt %. Each image is a different time pro-

gressing from left to right and top to bottom. There are two different sized particles 1 lm and 3 lm. The arrows point to two

1 lm particles as they are depositing at the contact line. At time 3:37 min, the two 1 lm particles travel around the larger 3 lm

particles and deposit closer to the edge of the droplet. A Supporting Information video of this evaporation can be provided upon

request. [Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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Evaporations were imaged in three different ways. The vid-

eos were taken with tablet PC with a 5.0 mega pixel camera

attached to a microscope. After the evaporation was finished

the deposited particles were coated with 10 Å of platinum

metal with a Cressington sputter coater and imaged using a

FEI Nova Nano scanning electron microscope or were imaged

without a metal coating using a Bruker Multi Mode atomic

force microscope.

Results and Discussion

Without Marangoni currents, particles in an evaporating

droplet accumulate rapidly at the droplet contact line. Figure 1

shows the build up of particles over time in an evaporating iso-

thermal droplet. The evaporation shown is a water droplet

with a radius of 1 mm and particles with a diameter of

100 nm. The P�eclet number is of Oð103Þ. This flow is highly

convective and the particles accumulate very rapidly at the

surface. Figure 1 shows the accumulation of particles with a

P�eclet number of 10. Note that a lower P�eclet number is used

to reduce the computational time for this simulation, but even

with the reduced Pe the particles accumulate rapidly at the

contact line.
In contrast, during our experiments, the particles did not

deposit until the end of the evaporation. Figure 2 shows the

buildup of particles at the contact line of an aqueous evaporat-

ing 2 lL droplet. This observation was recently made in

another experimental study as well by Parsa et al.35 For these

reasons, the current computational method of determining par-

ticle accumulation and deposition onto a substrate during

droplet evaporation is not sufficient.
In addition, the current method of particle accumulation and

deposition does not match experimental results when there are

two different particle sizes in the droplet. When there are two

different sized particles in a droplet, the particles can separate

during the evaporation process and form different rings for

each particle size with the smaller particle on the outer edge of

the droplet. Figure 3 shows the separate rings formed during

our experiments on the evaporation of a 2 lL aqueous drop

with 0.025 wt % of 1 lm and 3 lm polystyrene spheres. The

Figure 8. Images from a video of particles depositing on the contact line of an aqueous evaporating droplet.

The original droplet volume was 2 lL and the original particle concentration was 0.025 wt %. Each image is a different time pro-

gressing from left to right and top to bottom. There are two different sized particles 1 lm and 3 lm. The arrows point to a 1 lm

particle as as it deposits at the contact line. At time 1:12 min, the 1 lm particle approaches the larger 3 lm particles, at 1:13 the 1

lm particle touches or comes within close proximity of the 3 lm particle and then travels around it. Finally, at 1:15 the 1 lm par-

ticle deposits at the edge of the droplet, closer to the contact line than the 3 lm particle. A Supporting Information video of this

evaporation can be provided upon request. [Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.

com.]

Figure 9. On the left is an Atomic Force Microscopy (AFM) image of the ring formed during the evaporation of
1 lm and 3 lm polystyrene spheres in an aqueous solution on a glass substrate.

The drop solution contained 0.165 wt % particles. The 1 lm particles are accumulated at the edge because the larger 3 lm par-

ticles are constrained geometrically from approaching the outer edge of the contact line. This was consistent around the entire

ring of the droplet. The figure on the right shows a sketch of how the larger particles are geometrically constrained by the contact

angle. [Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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particles separated during the evaporation process with the
smaller (1 lm) particles on the outer edge of the droplet and
the larger (3 lm) particles on the inner part of the droplet,

which is consistent with literature.
Figure 4 shows the accumulation of two different sized par-

ticles in a simulation that uses Eqs. 4 and 5 and no thermal
variation to model particle concentration. The 3 lm sized par-
ticles accumulate much more rapidly at the contact line than

the 1 lm sized particles. As seen in Figure 3 and in experi-
ments conducted by other researchers,26 this computational
result shows higher concentration of the larger particles at the

outer edge of the droplet and does not match experimental
results. Thus, a new model to track particle accumulation is
needed.

When thermal variation in the droplet is considered, the
streamlines in the evaporating droplet differ significantly due

to Marangoni currents (shown in Figure 5). As the particles
follow these streamlines, the particle deposition also varies
significantly. Looking at the particle accumulation with and
without thermal effects considered, we can see that when ther-

mal effects are accounted for the model matches experiments
(Figure 6). The Marangoni currents keep particles suspended
in the droplet for the majority of the evaporation. It is only at

the end of the evaporation, when the drop is very thin, that the
particles accumulate rapidly at the contact line.

Finally, the deposition of individual particles during an
evaporation was filmed. Figures 7 and 8 show how smaller 1
lm sized particles will travel around the larger 3 lm particles,

which are stopped from their geometric constraints. Figure 9
demonstrates the geometric constraints of the larger particles
when approaching the contact line. Corresponding this result
to the computational results, it is not necessary for the smaller

particles to deposit first in the model. Instead, it is only neces-
sary for there to be a concentration lower than the maximum
packing concentration so that the smaller particles can travel

around the larger particles.
Comparing Figure 9 with Figure 3, it is clear that a low con-

centration of particles is needed to form two separate rings.
The AFM image in Figure 9 shows that only small particles
are on the outer edge of the particle ring, which is consistent

with Figure 3 and with particle separation. However, two sepa-
rate rings are not formed because the concentration of particles
(0.165 wt % polystyrene) is high and a single thicker ring is
formed instead with both particles.

Conclusions

A transport model of an evaporating droplet and two differ-
ent sized particles was solved and compared to experiments
with 1 lm and 3 lm polystyrene spheres in an aqueous drop-

let. The comparison with experiments show that consideration
of thermal variation in the droplet is necessary to accurately
predict the particle deposition and is especially important to
model the separation of two different sized particles. The Mar-

angoni currents in an evaporating droplet keep the particles
suspended for most of the evaporation, depositing a majority
of the particles at the end of the evaporation when the droplet

is very thin.
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Appendix

The first validation of this code is the convergence. Using biqua-

dratic elements in the finite element method, each Newton’s iteration

should converge quadratically. In the simulations presented, quad-

ratic convergence was observed. Once the solution reached a conver-

gence of 1025, the simulation proceeded to the next time step.

Fluid model validation

A more rigorous validation is comparing the transport model

used in this work to published analytical models. Deegan [2]

correlates dimensionless flux (J) out of the droplet to radial

position in the droplet according to Eq. A1

J5ð12r2Þ2k

k5ðp22hÞ=ð2p22hÞ (A1)

where h is the contact angle between the substrate and the drop-

let. Figure A1 shows the flux from the transport model used for

this research compared to the analytical expression for flux from

Eq. A1.

In 2002, Hu and Larson [29] adjusted Deegan’s flux expres-

sion (Eq. A1) to a similar, but slightly different relationship

(Eq. A2)

J5ð12r2Þ2k

k50:52hc=p (A2)

Figure A1B compares the transport model used in this work

to the analytical expression from Hu and Larson (Eq. A2). As

seen in the figures, there is good agreement between the pre-

sented transport model and the analytical expressions.

Another method of validation is to examine the vector fields

in the simulation. A working model with enough elements to

properly simulate the evaporation will have regular vector fields,

without vectors that cross each other or wiggles. Figure A2

shows the vector field at the top of the evaporating droplet and

at the contact line. These two regions were chosen because they

are the most likely to have vectors that cross each other.

Particle model validation

To confirm the accuracy of the particle model, the conserva-

tion of particle mass is ensured. Figure A3 shows the conserva-

tion of particle mass for a droplet evaporation with Pe 5 1 and

Da 5 10.

To calculate the particle concentration in the droplet fluid

Eq. A3 is used

Mdrop5

ð
X

cprjJjdndg (A3)

When there is low attraction between the substrate surface

and the particles, the Damk€ohler number is set to zero. In this

case, all the particles remain suspended in the fluid for the entire

evaporation. Figure A4 shows that in this case mass conserva-

tion is maintained.

Figure A1. (A) In the solid gray line is the analytical expression for evaporative flux by Deegan et al. (Eq. A1).2 In
the dashed green line is the transport model used in this work. (B) In the solid dark blue line is the ana-
lytical expression for evaporative flux by Hu and Larson (Eq. A2).34

Again, the green dashed line is the evaporative flux from the transport model used in this work. In both figures r is the radial

position in the drop, so it is seen that as we approach the contact line, flux from the drop increases significantly. As seen in both

the figures, the simulation has excellent agreement with the analytical models. [Color figure can be viewed in the online issue,

which is available at wileyonlinelibrary.com.]
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Comparison of computational results to experimental
results

Finally, the computational results presented in this work were
compared with experiments and show good agreement. More
detail on this comparison is discussed in the Results Section.

Manuscript received May 28, 2015, and revision received July 13, 2015.

Figure A2. (A) The top of the evaporating droplet at the line of symmetry. (B) The contact line of the same evapo-
rating droplet.

In both images the vectors do not cross each other, an indication of a good model. In this simulation, there is no humidity and

the Capillary number, Ca58:431028.

Figure A3. The particles in the evaporating droplet
model are conserved.

The solid blue line shows the concentration of particles on

the substrate surface. The droplet starts no particles on

the surface, then as the droplet evaporates, the particles

accumulate on the substrate surface. The dashed red line

shows the concentration of particles in the droplet. The

concentration of particles on the surface decreases as the

particles accumulate on the substrate surface. The dotted

black line shows the sum of the particle concentration the

droplet fluid and on the substrate surface. This value is

constant throughout the evaporation, which validates the

particle conservation portion of the model used in this

work. This simulation is for a droplet with a radius of

1 mm, a P�eclet number of 1, a Damk€ohler number of 10,

a Reynolds number of 6:831023 and a Capillary number

of 8:431027. [Color figure can be viewed in the online

issue, which is available at wileyonlinelibrary.com.]

Figure A4. The particles in an evaporating droplet are
conserved with Da 5 0.

The dashed red line is the particle concentration in

the fluid, which remains constant. The solid blue line

is the particle concentration on the substrate surface,

which remains constant at zero. [Color figure can be

viewed in the online issue, which is available at

wileyonlinelibrary.com.]
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